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ABSTRACT. In this paper we investigate the problem of characterizing those
rings R such that every nonzero polynomial with coefficients from R has a
finite number of zeros in R. Particular attention is directed to the class of
skew polynomial domains.

1. INTRODUCTION

If f=apnz"™+--+a1x+ap € Dx] is a polynomial of degree n with coefficients
from a commutative integral domain D, then as is well known, f has at most n zeros
in D. On the other hand, the polynomial 22 + 1 considered as a polynomial over
the division ring of quaternions has infinitely many zeros, e.g., (cosa)i + (sina)j
where « ranges over the real numbers R. It is the purpose of this paper to initiate
an investigation into the problem of characterizing those rings R (with identity)
with the property that every nonzero polynomial with coefficients from R has a
finite number of zeros in R. We call these rings, rings with finite zeros property or
rings with FZP.

Since every finite ring has FZP, we will assume in the sequel that, unless stated
to the contrary, all rings will be infinite. We also assume that our rings have an
identity.

We work mainly with left polynomials over a ring R. A left polynomial is an
expression f of the form f = ag+a1x+---+apx™ with a; € R. If we assume that x
commutes with ring elements, these polynomials form a ring R[z] under the usual
operations of addition and multiplication. When we refer to rings with FZP we will
always mean with respect to left polynomials. We also recall that, when R is a non-
commutative ring, the substitution maps o, for ¢ € R, o, : R[z] — R, f — f(c)
are additive morphisms but not multiplicative.

For c € R, if o.(f) =0, i.e., f(c) =0, then we say that c is a zero or a root of f.
In [2], Gordon and Motzkin show that if R is a division ring, then the number of
zeros in R of a (left) polynomial of degree n in R]x] is either at most n or infinite.
For polynomials over non-commutative domains this need not be the case. In fact,
Theorem 3.12 exhibits an example of a domain R with FZP and a polynomial f of
degree 2 in R[x] such that f has more than 2 zeros.
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In a certain place, Theorem 2.3, we also will consider the ring Rg[z] of general
polynomials over R. A general polynomial ¢ € Rg[z] is a finite sum of expres-
sions of the form aizasx...axragy1, ai,as,...,ax41 € R, again with the natural
operations. We give a complete characterization of those rings R such that every
polynomial in Rg[z] has a finite number of zeros in R.

The goal of our work is to characterize those rings with FZP. We first consider
the problem of characterizing division rings with FZP. For this we use extensively
the work of Gordon and Motzkin, [2], summarized in the following:

1.1. Theorem ([2]). Let D be a division ring and D[z] the ring of left polynomials
over D.

(i) If D is non-commutative, then the centralizer Z(c) of any element ¢ € D is
infinite.

(ii) An element ¢ € D is a zero of a polynomial f € D[z] if and only if there
exists g € Dlx] such that f =g (z — ¢).

(iil) If f € D[z] has degree n, then the zeros of f lie in at most n conjugacy classes
of D. (Here the conjugacy relation is via the action of D* := D\ {0} on D.)

(iv) If a polynomial f € D[z] has two distinct zeros in a conjugacy class, then it
has infinitely many in that class.

As a result of (iii) and (iv) in the above theorem one sees that, for a division
ring D, the number of zeros of f € D[z], where f has degree n, is either < n or
infinite ([2]).

It is clear that a subring of a ring with FZP must have FZP. However, the finite
zeros property is not preserved under homomorphic images. For example, since the
ring Z[z] of polynomials over the integers is a commutative integral domain, Z[x]
has FZP. But the homomorphic image Zg[x] does not have FZP, since, for example,
the polynomial 2y € (Zg[z])[y] has solutions 327, j € N, the positive integers.

In the next section we present some general results and solve the characterization
problem for division rings with FZP. As a consequence of some of these general
results, we also obtain a characterization of those rings R such that every general
polynomial g € Rg[z] has only a finite number of zeros in R. In Section 3 and
Section 4 we consider the characterization of FZP for certain classes of domains.

2. GENERAL RESULTS

We first obtain some general results about rings with FZP. We recall that “ring”
always means ring with identity. Also, we use “domain” to denote a ring without
divisors of zero while “integral domain” is used for a commutative domain.

2.1. Theorem. If R has FZP then R is a domain.

Proof. Let a € R* = R\ {0}. If there exists 0 # b € R with ab = 0, then the
polynomial ¢ = ax € R[z] has at least two zeros in R and, in fact, only a finite
number, say {0 = by, ba,..., by} = ranng(a), the right annihilator of a in R. For
i=1,2,....,m,let S; := {r € R|byr = b;}. Since ranng(r) is a right ideal, for
each r € R, bar € ranng(a), so R = U:’;l S;. Since R is infinite, some S; must be
infinite, say S;,. But then bax — b;, has an infinite number of zeros in R, contrary
to FZP. Hence the result. a

For commutative rings we have the following characterization.
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2.2. Corollary. Let R be a commutative ring. Then R has FZP if and only if R
is an integral domain.

We can now handle the situation for general polynomials, Rg[z], with coefficients
in R. We suppose every nonzero polynomial in Rg[z] has only a finite number of
zeros in R. If R is infinite, then by the theorem above, R must be a domain.
Suppose that for some a € R, all powers of a are distinct. Then the polynomial
f = ax — xza has an infinite number of zeros, namely a,a?,a, ..., a contradiction.
Therefore, for each b € R*, b™ = b” for some m,n € N, the set of positive integers,
and consequently, b is invertible, i.e., R is a division ring. If R is not commutative,
from Theorem 1.1(i), for ¢ € R*, the centralizer Z(c) is infinite, which means
g = zc — cx has an infinite number of zeros in R, again a contradiction. Using g
we also see that R must be finite. This completes the characterization.

2.3. Theorem. Every nonzero polynomial in Rg(x] has a finite number of zeros
in R if and only if R is a finite ring.

We now return to left polynomials and rings with FZP.

Let D be a division ring, not a field, and suppose D satisfies FZP. Let a €
D\ Z(D), and so for some d € D, dad~' # a. We claim there exist b,c € D such
that (z — b)(z — a) = (z — ¢)(z — dad™"). From this claim, using Theorem 1.1(ii),
we see that a and dad—! are both zeros of a polynomial, and from Theorem 1.1(iv),
this polynomial has an infinite number of zeros in D, a contradiction. To justify
the claim we have 22 — (b + a)x + ba = 2 — (¢ + dad~1)x + cdad~!. Equating
coeflicients and solving, one obtains

c=(a—dad Va(a —dad ")  and b = ¢ — (@ — dad™1).

These kinds of computations are well-known, e.g., [7], [8]. Hence we have charac-
terized division rings with FZP.

2.4. Theorem. Let D be a division ring. Then D satisfies FZP if and only if D is
a field.

2.5. Corollary. Let R be a ring with D.C.C. on (say) left ideals. Then R satisfies
FZP if and only if R is a field.

Proof. If R satisfies FZP then we know R must be a domain, and a domain with
D.C.C. must be a division ring. From the above theorem, R is a field. O

Turning to domains that are not fields, we see the situation is much different, as
illustrated by the following two examples.

2.6. Example. Let R := C[z;7] be the skew polynomial domain over the complex
numbers C determined by the conjugation automorphism, ~, that is, za = ax,
a € C. Consider g = y?> — 2% € R[y]. Then for each a € C*, axa™! is a zero of g
since (aza=')? = az?a! and 2%a! = @ '2? = a'22. But {axa™!|a € C*}
is an infinite set. In fact, if aza™ = bxb~! then b~la € Z(z) = R[z], the real
polynomials in z. Hence for a,b € {i+1,i+2,i+3,...}, a # b implies b~ 1a & R[z].
Consequently, the polynomial g has an infinite number of zeros in R, so R does not
satisty FZP.

2.7. Example. Let I(R) denote the usual quaternion division ring and let I(Z) be
the subdomain of I(R) consisting of quaternions with integral coefficients. Further
let N be the norm on I(Z) induced by the norm on I(R), i.e., for b € I(Z), b =
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bo + b1i + baj + bk, we have N(b) = b2 + b3 + b3 + b3. Let g € (I(Z))[y] with an
infinite number of zeros. Therefore (see Theorem 1.1) there are an infinite number
of zeros of g in a conjugacy class in I(R). Thus for some zero b of g, where b € I(Z),
there are infinitely many zeros of g in {dbd=! | d € I(R) \ {0}} N I(Z). However,
from dbd=! = ¢, ¢ € I(Z), we get N(db) = N(cd) or N(b) = N(c), since the norm
function is multiplicative. But N(b) is an integer and there are only a finite number
of ¢ € I(Z) with N(c) = b3+ b3 + b3+ b3. This shows that g cannot have an infinite
number of zeros in I(Z), and since g was general, we find that I(Z) satisfies FZP.

As these examples illustrate, some domains (not division rings) have FZP and
some do not. Thus we have the remaining problem of characterizing domains D
with FZP. At the moment this appears to be quite a difficult problem and remains
open. However, it seems that the next step is to consider various classes of domains
and to characterize within these classes the domains with FZP. With this in mind
and guided by the previous two examples, we consider in the following sections
skew polynomial domains and subdomains of the quaternions I(R).

3. SKEW PoLYNOMIAL DOMAINS WITH FZP

Throughout this section we let K denote a field with an automorphism o, and
let R := K|[x;0] denote the domain of skew polynomials over K determined by o,
ie., za = o(a)z, a € K. Further, for s € N, let K, := {a € K |0°(a) = a}, a
subfield of K.

3.1. Theorem. If K is a finite field then K|[z;o] has FZP.
Proof. Let g € (K|z;0])[y] and let r be any zero of g = > 1" a;(x)y’; hence
Y gai(z)rt = 0. If ip = min{i | a;(z) # 0} and r # 0, we have

n—ig—l)

=iy (7) = (Aig+1(T) + Aigr2(T)7 + -+ - + an ()7 r,

which in turn implies that degr, as a polynomial in K[z;o], is no larger than
deg a;,(x). Since K is finite, g can have only a finite number of zeros in K[z;0]. O

3.2. Theorem. If K[x;0| has FZP then o =id or K; is finite.

Proof. Suppose K is infinite and o # id, say o(a) # a for some a € K. For k € K
let z(k) := (1 + ka)x(1 + ka)~'. One then verifies that z(k) # z(k') for k # k'
in K7. We now determine a polynomial f € (Klx;0])[y] such that f(z(k)) = 0
for each k € K, which contradicts the fact that K[x; o] has FZP. To this end let
fy) = v? + (ax)y + Bx?. Then
0= f(z(k) <= (1+ka)z*+ ax(l+ ka)z + B2*(1 + ka) =0
<~ (1+a+pB+k(a+ac(a) + Bo’(a))z” =0
> 1+a+p+k(a+aoc(a)+ po*(a) =0
for k € K;. Since we are assuming K is infinite, this latter condition is equivalent
to
l+a+p=0 and a+ ac(a)+ Bo*(a) =0.
Solving for a and (3, we obtain
_ o*(a)—a
- ofa) —0*(a)’

which is well-defined since o(a) # a and hence = —1 — . Thus the result. O
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3.3. Corollary. Let R := K|x;0] be such that o has finite order. Then R satisfies
FZP if and only if o = id or K is finite.

Proof. The sufficiency of the condition is given in Theorem 3.1. For the necessity,
suppose the order of o is s > 1. Consider g = y* — 2* € R[y] and note that for each
a € K*, aza™! is a zero of g since z° € Z(R). If the index of the multiplicative
group [K : K1] is infinite then g has an infinite number of roots in R, hence [K : Kj]
is finite. But then K is finite since K is finite by Theorem 3.2. O

To establish the result for the general situation, we need some further notation.
From above, K; = {a € K | 0°(a) = a} is a subfield of K for each s € N. Define
K = U,en Ks, also a subfield of K. From the definition of K it is clear that
the restriction gz of o to K is an automorphism of K. We now state our main
characterization theorem, and remark that for the remainder of this section o # id.

3.4. Theorem. The following are equivalent:
(i) Klz;o0| has FZP;
(i) (a) If gg =idg, then K is finite;
(b) If g #idg, then K[x;gx| has FZP;
(i) Ky is a finite field;
(iv) Vs € N: K is a finite field;

The proof of this theorem will be given in a sequence of lemmas. We note first
that (iv) = (iii). Since K is a subfield of K, K[x; gjz] is a subring of K[z;0] and
hence has FZP. If further gz = idg, then K = K, and since o # id, Theorem 3.2
shows that K is finite. Hence (i) == (ii). Now from (iia), K is finite. If
gg # idg, then {b € K| g (b) = b} must be finite by Theorem 3.2, but this set is
precisely K;. Hence we have (ii) = (iii). The next lemma gives the equivalence
of (iil) and (iv).

3.5. Lemma. If K; is finite then, Vs € N: K is finite.

Proof. Let s € N and consider G := {O]KS7U/§(S, O, = id}, a subgroup of
Aut(K) of order s. Since Fix(G) = {k € Ks|V7 € G : 7(k) = k} is equal to K7, we
know from field theory that s is the degree of K over Kj, hence K is finite. O

We now show that (iv) = (ii), which will give us the equivalence of (ii), (iii),
and (iv). If gz = idg, then K = K is a finite field by condition (iv), hence it
suffices to prove (iib).

Suppose f(y) = cp(x)y™ + -+ + c1(x)y + co(x) is a polynomial in (K[z; U/k])[y]
with an infinite number of zeros in Kz;9z]), say f(p;) =0 where

pi:ai0+ai1x+-'-+aimixmi, 7€ N.

3.6. Lemma. The above polynomial f(y) has an infinite number of zeros with the
same degree.

Proof. Let R := K[x;qk]. From [1], we know R is a principal left ideal domain
and hence an Ore domain. We let Q(R) denote the division ring of left quotients
and note by Theorem 1.1 that f has infinitely many zeros in the set

{BER|FVEQR): B=~ay""}
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for some a € R. If 0471_172 = vflwgﬁ for v = 71_172 € Q(R), then 71CW1_172 =7
and yay; 'vy = 6 9y, where 6,7 are chosen such that 6(y1i) = ny1. From
this, ny2 = 6v28. Hence deg(n) = deg(6) + deg(B8). But éy1a0 = 1y, implies
deg(6) + deg(a) = deg(n), and consequently deg(a) = deg(5) as desired. |

Thus without loss of generality we assume all the p; have the same degree, say m.
Let j, 0 < j < m, denote the greatest integer such that {c;; | ¢ € N} is an infinite
set. We assume j < m and obtain a contradiction.

To simplify notation we write “az® € p” to denote the fact that p contains ax®
as one of its summands. Define a set M by

M = {a|az® € ¢(z) for some 1,0 <] <n}U U{aij_l,_l,...,aim}.
ieN
Since there are only a finite number of ¢, () and they are fixed, and by the choice
of j, M is a finite subset of K, it follows that there exists a finite subfield F' of K
with M C F. We choose F' to be of the form K,; hence F' is o-invariant.

Further, let S := {(s,1) | vs2® € ¢(z) for somevs € K} and Spax =
{(s,1) € S|s+ml is maximal}. From Spax choose (s*,1*) with minimal s*. Define
™ € ¢ (x)pl by

7= (e ) (aiga? ) (@ima ™)'
Since f(p;) = 0, 7* must sum to 0 with other terms (yz*)(fz') € ¢;(z)pl. From
Bzt € pl we get
Bat = (fra')(Bex'?) ... (B"),
where Grz® € {wio,aix,...,a;mz™}. For such terms we must have s +¢ =
s +j+m(l*—1).

Suppose t, is the least integer among the t;’s. We show that ¢, > j. Indeed, if

ty < j then

k

1
sl—i—t:s’—i—Ztk <s +t,+m(l—1)
k=1
since there are [ — 1 remaining terms, all of degree at most m. Thus
S+t<s+j+ml—1)<s*+ji+m(*—1)

since (s*,0") € Smax, L€, s+t < s+ j +m(l* —1) = deg(r*), a contra-
diction. Hence we have t, > j. If t, > j, then for all £ with 1 < k < [,
Brat € {aijr127 T ... ayma™}; hence By € F and since we have chosen F' to
be of the form K, F is o-invariant, i.e., 3 € F, so (yz* )(fz') = vo* (B)z* +* with
vo' (3) € F. If t, = j, then from the definition of 7* (using (s*,1*) € Smax),

(v2*)(Bz") = (ya* ) (@ima™)" (azja? ) (@ima™)' ="

for some r. Therefore (v )(Bz") = no® ™" (o) +* for some i € F. By collect-
ing the terms that sum to 0 with 7* we arrive at an equation
7]510,51 (aij) + o+, osw (Oéij) F Noin = 0,
S1 > 82>+ > 8y >0, ms, € F with w <s*+m(l*—1).
Note that 7, ,, takes care of all terms (vz*")(Bat) where t, > j, i.e.,
(ya*')(Bz') = yo™ (B)a*
with yo* (8) € F.
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Thus for each i € N we obtain such an equation. However, since for each i € N
the 15, ’s € F and w < s* + m(I* — 1), we find a single equation for infinitely many
i € N, hence without loss of generality, for all 7 € N.

In the case (yz*)(Bz!) = no® +"™(ay;)z* !, n € F, if s +rm = s*, then by
the minimality of s*, s’ = s*, so r = 0, i.e., (Wxsl)(ﬁxt) is 7*. Hence the term 7*
cannot cancel, so by combining terms with the same exponent of o, there exist,
w <wand s1 > 89 > -+ > 8, > 0 with 7751081(04ij>+"'+775w/+1 =0.

By choosing some coefficients to be zero we can write this equation in the form

o (aij) +mo® Haig) + 120" " (aig) + -+ ns 0 + s 41 =0, i € F.

Since F is o-invariant we see that for s € N, 0751 (q;) is in the F-vector space
with basis {017 (av;),...,0(j), a5, 1}. But F is finite, so there exists § € N
such that o®(a;;) = ay; for all i € N, i.e., {a;; | i € N} C Kj, contrary to the fact
that K is finite. This shows we cannot have j < m, so we do have j = m.

As above, we again define S, Spax, (5*,1%), and let 7 = (y¢-2°" ) (imz™)" and
proceed as before. The situation is somewhat easier since terms which sum with 7*
to be zero are of the form (y2* )(ama™)" where (s',1') € Smax. S0 we obtain an
equation

*

(V1 ™) (@i @™)" + -+ (75,27 (@ima™)" = 0

fori € N, Iy > Iy > --- > 1, > 0, i.e., we have a polynomial g(y) := (ys, %)yt +
-+ (s, %% )y'» with infinitely many zeros of the form (az™), « € K. Among these
zeros there are infinitely many ;2™ which are conjugate (in the division ring of
quotients) to a fixed zero az™, say B;z™ = (61-_11(51'2)_1041'"161-_1161'2 for all 4 € N. Since
K[z; 0] is an Ore domain, there exist v;,&; € K[z; g such that v,6;, az™ = &6, ,
which in turn gives &;6;, = vi6;, 3;2™, hence deg(&;) = degy; + m. Let

Vi = ’710++71kwk7 61'1 = p0+"'+psxsa
gi = gio + 61'1‘%' +-+ 5ik+mxk+m7 61'2 = p6 + 1+ péwt
Comparing coefficients of the highest terms, we get

(’Wk $k>(psws)(awm) = (é-ik+m xk—i—m)(psws)’

i @™ (pr") = (i 2" (ph") (Bix™).
Calculating from these equations, we see that to obtain the conjugate (;x™, we
may choose §;, := psz® and §;, := plat, i.e.,
- — -5 = — — -1 s — -1 s— z

(65,16i) 7 = (x™"pS o) T =2 oy pen® =0T (o ps)atTt =1 Gt
with z € Z, (; € K. Since 3; # 3; for i # j, we have (; # (j, i.e., {¢; |i € N} is an
infinite set. Consequently

Bia™ = (Ga®)(ax™)(Gz®) 7! = 0% (a)Ga™ (T = 0% (a)Gio™ (G )™

hence B; = o*(a)o™ (). If a € K, then 0%(a) € {a,0(a),...,05 ()}, so
we may assume z > 0. We note that z depends on s and ¢t. However, in all cases,
o*(a) € {a,0(a),...,0%7(a)}, so we only need integers z € {0,1,...,s—1}. Thus
there is a fixed z, say z := u, such that g;2™ = ({;z%)(ax™)(¢2%) ! for infinitely
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many ¢ € N, so, again without loss of generality, for all i € N. Now for all i € N,

g(ﬁixm) =0 < (’Ysltﬂsl)(gwu)(awm)ll 4+ .+ (’st$sw)(4¢$u)(axm)lw —0.

Using an argument similar to the case for j < m, we find that there exists an
integer s € N with 0°((;) = ¢; for all i € N, i.e,, {¢; |7 € N} C K,. But this again
contradicts the fact that K is finite. Consequently no polynomial f € K [x; 0z][y]
can have an infinite number of zeros in K[x; ). This establishes the next lemma,
hence (iv) = (ii).

3.7. Lemma. If g # idg, then K[.’L’;O]f(] has FZP if and only if Vs € N: K is
a finite field.

At this stage we can completely handle the situation in which K is an algebraic
extension of Kj. For suppose this is the case and K|x; o] has FZP, where o # id.
Let k € K\ K;. Then there exists f € K;[z] such that 0 = f(k) = k" +a,—1k" 1 +
-+ ap. If 6°(k) # k for all s € N, then f would have infinitely many zeros since
f(o°(k)) = 0 for s € N, a contradiction. Thus K = (J, .y Ks and o(K,) = K.
Since K[x;0] has FZP, so does K[z; gk, ] for s € N. If g # idk,, we find from
Corollary 3.3 that K, must be finite since g has finite order s. On the other
hand gg, = idg, implies K, = K, and since K[z;0] has FZP, K; must be finite
by Theorem 3.2. Thus when K is an algebraic extension of K; and Klx; o] has
FZP, we find that K = K, and K, must be a finite field for all s € N.

3.8. Corollary. Suppose o # id and K is algebraic over Ki. Then K|x;c] has

FZP if and only if K = U, ey Ks with each K being finite.

It is clear that if every element of K[z;o] has only a finite number of conjugates
in K[x;0] then K[z;o] has FZP. This situation arises for instance if K is a finite
field, since by the proof of Lemma 3.6 two conjugate elements of K|x; o] have the
same degree. The converse is not true, as we now show. Suppose K is infinite
and the union of finite fields of the form K, for some o € Aut K. Let ki, ks € K.
Then ki 'wky = ky 'wks <= koki'x = xkoky! <= kok;' € K. Hence z has
infinitely many conjugates in K|x; o], but by the above corollary, K[z; o] has FZP.

Our next lemma is a result of linear algebra. It follows from a result of Lam and
Leroy ([4, Corollary 4.13]). However we give a completely elementary proof.

3.9. Lemma. Let K be a field, 0 € Aut K, 0 # (co,c1,...,c5) € KSTL. Then the
set of solutions of the equation cs0°(§) + -+ + c10(€) + o€ =0, s > 0, is a vector
space L over the field Fix(c), with dim(L) < s.

Proof. Let s > 1 be minimal such that there exists an equation with dim L > s+ 1,

and say &1,&2,...,&+1 are linearly independent over Fix (o).
For
&G o) ... o%(&)
A Lo o) ... (&)

Est1 U(§s+1) s 0° (55—1—1)
we have AC = 0, where C' = (cg, c1, . ..,¢s)t Since 0 # (cg,...,cs), tk(A) < s+ 1.
Suppose | < s is the maximal rank that can be achieved with linearly independent
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elements, and &1, ...,&41 € L. Without loss of generality, we may assume that the
first [ rows of the matrix A are linearly independent. Thus if £ € {&41,...,&+1},
there exists a vector 0 # (A, Aq,...,\;) € K1 X #£ 0, such that

A
A

o) + Sho(Er) + -+ Jole) =0,

A
E+56+ T 56 =0,

A6 + Aot (6) + -+ SLo'(E) = 0.

Applying o to the i-th equation and subtracting the i + 1-th equation for i =
1,2,...,1, we obtain

(d%) - %) o(E) £+ <a(§) - %) o(&) =0,

<0(A_A1) - %) o (1) +- + (d%) - %) ol(&) = 0.

If A—/\l, ce % € Fix(o), then &€ € {&41,...,&s+1} would be a linear combination of
&1,...,&, a contradiction to our assumption. Thus (o(3L) — 3L, ..., a(%) - %) +
(0,...,0), which in turn implies that the columns of the matrix

o(&) ... d'(&)

o&) ... ol&)

are linearly dependent, say,

mo(&1) + -+ mo' (&) =0,

mo(&) + -+ mo' (&) =0,
for (m,...,m) # (0,...,0). Hence
o m)ér + -+ o m)o' (&) =0,

o )&+ o Hm)emH&) =0,

which shows that the equation o= ()€ + -+ + o~ (m)o! =1 (€) = 0 has [ linearly
independent solutions, &1,...,&. But this contradicts the minimality of s, since
1< <s. O

3.10. Corollary. Let 0 # (c,cq,...,cs) € K72, Then the set of solutions of the
equation cs0°(§) + -+ -+ c10(€) + co€ + ¢ = 0 has at most s+ 1 solutions which are
independent over Fix(o).
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Proof. This is the affine analogue of the previous lemma. In fact, if (£1,...,&2)
were linearly independent, then & — &1, ... ,&+2 — & are s+ 1 linearly independent
solutions of ¢s0°(€) + -+ + c10(€) 4+ co€ = 0, a contradiction to Lemma 3.9. O

We now use the above to show that for verifying (ii) = (i) in Theorem 3.4,
we need only consider a special situation.

3.11. Lemma. If condition (ii) in Theorem 8.4 holds but Klx;0] does not have
FZP, then there exists a polynomial g(y) := (yex®)y* + - + (12 )y + Y10,
0 # (Yiy---,v) € K*TY which has infinitely many zeros of the form B;z™ for
some fized m € N.

Proof. The proof is similar to that of Lemma 3.7. We define f(y), p;, and 0 < j < m
as in the discussion following Lemma 3.6. Again we suppose j < m and obtain an
equation 15, 0% (§) + - - +mao(€) +no = 0, n; € K, which has an infinite number of
zeros of the form «;;. But, as we have seen before, condition (ii) holds if and only
if Fix(o) is a finite field. But this contradicts our previous two results, since finite
dimensional over a finite field would mean only a finite number of zeros. So we
conclude that 7 = m. Then by following the proof directly we obtain a polynomial
g(y) = (x)y* + - + (112°)y + Y2, which has infinitely many zeros 3;z™
for some fixed m € N if K[z; 0] does not have FZP. O

It remains now to handle this special situation. So we assume we have an equa-
tion g(y) := (vex**)yF+- - -+ (na*)y+72°° =0, (Y&, - - -, 70) # 0, with an infinite
number of zeros. From the proof of 3.7, if ax™ is a zero, then there are an infinite
number of zeros of the form G;z™ := (&2%)(ax™)(&2%)~! where a € K, m € N,
& € K, and e; € Z. We do not necessarily have that all e; are positive, but either
infinitely many are positive or infinitely many are negative, so without loss of gen-
erality we can assume all are positive or all are negative. Now let e; = e} (mod m),
say e; = ¢;m + e}. Then there exists e, 0 < e < m — 1, such that e; = ¢;m + e for
infinitely many ¢, hence without loss of generality for all ¢« € N. We now proceed to
show the existence of \; € K with (&) (ax™) (&%)~ = (Nz®)(az™)(Nz©) L
This equation holds if and only if

&0 (@)™ (&) = Xio(a)a™ (A7),
which in turn holds if and only if
§io® (@)

=om(2

Nioe(a)
Whenever e; = e, we choose \; := &;, so now let e; = ¢;m + e, ¢; # 0. Recall that
all e; are positive or all are negative.
Case 1. All ¢; are positive. Hence e; > m for all 1 € N. Since
o (a)
o(a)

o™ (o(a)ot™ () ... 0% ™ (a)) = (Ue(a)ae+m(a) . Ue"_m(a))

)

we see that (0¢(a)o*T™(a)...0% ™ (a)) is a solution of the equation ¢™(n) =

77‘7::((5)). If 71 and 7o are two solutions then Um(Z—;) = Z—;, ie., Z—; € K,,. From the

fact that §— is a solution we obtain i— = po(a)ot™(a)...0% ™(), p € Ky,

hence \; = &;/po(a)otT™(a)...c% "™ (a).
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Case 2. Vi € N: ¢; < 0 (therefore e; < —1). In this case
1
o (a)ostm(a)...c7™(a)

is a solution of 0™ (n) = n%, so \; = p'&o%(a). ..o ™(a) for some p' € K.

(e

The essence of the above discussion is that we are now able to construct infinitely
many zeros (\;x¢)(ax™)(Nz¢) "L, i € N, of g(y) by using a fized exponent e. From
this we obtain 0 = g((\;z¢)(az™)(N;z¢) 1) if and only if

ol NizCax™F + Yg—1 ! Nzfay_qxm k=D

+ oyt Axfona™ + ¥ Ax© =0,

where «; is the coefficient of 2™ in (ax™)?, i = 1,2,...,k, and this in turn is true
if and only if

Yo e () ok (N )k mkte
+ 10" T (ag)o (N)a T 4 00 (N2t =0
if and only if
(1) W (ap)o ™ (X)) + -+ 110" T (@n) o™ (A) +700™ (Ai) =0,

since from our construction we have sy +mk = sp_1+m(k—1) = --- = s1+m = so.
In equation (1) the coefficients are fixed elements of K.

Now suppose condition (ii) in Theorem 3.4 holds and so Fix(o) is finite. Then
from Lemma 3.9, the above equation has only a finite number of roots. But our
assumption that K[x;o] does not have FZP gives infinitely many such A;. This
contradiction completes the proof of Theorem 3.4. O

We conclude this section with a couple of remarks. One might ask, when a
domain R satisfies FZP, if the number of zeros of a polynomial is related to the
degree of the polynomial. We show that in general this is not the case.

In fact, let K := GF(p?), the finite field of order p?, and form R := K|[x; o], where
o is the Frobenius automorphism, o(a) = a?, a € K. Every non-zero element w
of K satisfies

Wl = (WP — 1) (wPTDP=2) o, (HDE=3) 4 Pl 4 1) =0,

Thus there are p + 1 elements of K satisfying w?™! — 1 = 0, say a1, az,...,ap4+1.
But then ayz,asz, ..., app12 are zeros of g(y) = y* — 2 € (K|x;0])[y]. For any
N € N, there is a prime p, p > N, so for K = GF(p?), g has more than N zeros.
But K being finite implies that K[x; o] has FZP.

3.12. Theorem. Let N € N. There exist a domain D with FZP and a quadratic
polynomial g in D[y] such that g has more than N zeros.

On the other hand, when K is finite there is an upper bound on the number
of roots of g € (K|x;0])[y]. Suppose g := an(x)y"™ + -+ + a1(z)y + ao(x). As we
have seen previously, if » # 0 is a zero of g and ip := min{é | a;(xz) # 0}, then
(@ig+1(7) + ajgr2(z)r + -+ + ap(x)r"0 Yy = —a;, (z), so deg(r) < dega;, () as
polynomials in K[z;o]. If dega;, () = m, then the number of zeros of ¢ in K|[z; 0]
is no more than ¢™*?!, where |K| = q.
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4. I(S) witH FZP

In this section, let S be an integral domain, Z C S C C, and let I(S) denote the
ring

I(S) = {CLO + a1t + azj + ask | ap, @1,02,0a3 € S}

In general, I(S) is not a domain. For if S = {a + bl | a,b € Z,] := /—1} is the
ring of integers of the Gaussian field, x = 1+ 1i, y = 1 — [, then xy = 0. We now
characterize all rings I(S) with FZP in case Z C S C Q or if S is the ring of integers
of an algebraic number field. First, let Z C .S C Q, i.e., I(S) is a subdomain of the
division ring of real quaternions.

Let p be a prime integer and suppose 11—) € S. Then T7'Z C S, where T7Z is
the localization of Z by T := {p" | n € No}. Let R := T~1Z. We first show if p is
an odd prime, then I(R) does not have FZP and hence I(S) does not have FZP.

Case 1. p =1 (mod 4). In this case, —1 is a quadratic residue of p and therefore
the equation 72 = —1 (mod p") has a solution for all n € N [3, Par. 8.3]. From
this, p" = 22 + y? has a primitive solution [4, p. 126]. Consequently we have a
solution a2 + b2 = p", ged(an, by,) = 1 for n € N. Let
Up = ap + by and v, = upiu, ' = ((a2 — b2)i — 2a,b,k)/p" € I(R).

If v, = vy, for some n # m, say n > m, then we obtain

Ambm  anby

pm "

Hence pla,, or p|b,. But then, since a2 + b2 = p", we find that p|a, and p|b,, a

contradiction to ged(an,b,) = 1. Consequently {v, | n € N} is an infinite set of
zeros of % + 1 = 0, so in this case I(R) does not have FZP.

m

Or  Ambmp" ™™ = anby,.

Case 2. p=3 (mod 4). In this case, since —1 is not a quadratic residue we need
an alternate approach. To this end, we define

R, = {b: b—?l + b—iZ—F b—i]—F b—ik|b0,b1,b2,b3 S Z,N(b) = 1},
p p p p
where N : I(R) — R is the usual norm on the quaternions, restricted to I(R) as
described in Example 2.7. Then N (b) = 1 implies b3 + b3 + b3 + b3 = p?". From |3,
Par. 20.12],

|R,| = 8- (sum of divisors of p*")

2n+1_1
I et
p—1

=8- (" +p"+- - p+1).
From this we find that there are an infinite number of elements b in I(R) with
N(b) = 1.

Now let a,b € I(R) with N(a) = N(b) = 1, and suppose aia~* = bib~!. Then
we have b~la € Z(i), the centralizer of i in I(R); hence a = be, ¢ € Z(i). By
calculation, Z(i) = {a+bi|a,b € R}. Now let ¢ = & + i, co, 1 € Z, and p { co,
p 1 1. Without loss of generality we take ng > ny. From a = be, N(c) = 1; so

@

1= ;

p2n0 p2n1
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equivalently,
PP =g+ p T = i+ (T )

From [3, Par. 16.9], p?>™ has only 4 representations as a sum of two squares, and
these then must be ¢g = £p™ or ¢; = £p}'. Hence ¢ = £1 or ¢ = +i, and so
we see there are only 4 elements a in I(R) with N(a) = 1 in the conjugacy class
of i determined by b. But as we showed above, there are an infinite number of
elements d with N(d) = 1. Consequently there are an infinite number of distinct
conjugates of i. But now each of these bib~! is a zero of 22 + 1 = 0, so again, in
this case as well, we see that I(R) does not have FZP.

We have established the necessity of the conditions in the following theorem.

4.1. Theorem. Let S be a domain, Z C S C Q. Then I(S) has FZP if and only
if S=7 or S =T7'Z where T = {2" | n € No}.

Proof. Tt remains to verify the sufficiency of the conditions. In Example 2.7 we
showed that I(Z) has FZP, so we take S = T~'Z, T = {2"|n € No}. We show that
every nonzero a in I(S) has a finite number of conjugates in I(.S), and so I(S) will
have FZP. To this end, let A :={be€ I(S)| N(b) = N(a)}. Also, for n € Ny, define
b by . b2 . b
Ay = {b= 2—2 + 2—iz+ 2—3] + 2—ik | bo, by, ba, by € Z, N(b) = N(a)}.

We know N(a) = %, se€Np,leN,and A =], ,A,. We show that A is finite,
which of course means that a has a finite number of conjugates in I(.5).

Suppose first that N(a) is an integer. For b € A, b is in some A,,, so
(2) b + b7 + b3 + b3 = 2°"N(a),

and, from [3, Par. 20.12], the number of solutions of this equation is 8:(sum of
divisors of 22" N(a) which are not divisible by 4). But this is the same as the
number of solutions of

(3) b + b3 + 3 + b3 = 4N (a).
Thus |A1| = |A,| for all n > 1. In fact,
(bo, b1, b2, b3) = (2" bo, 2" by, 2" o, 2" b3)

is a bijective map between the solutions of (3) and those of (2). Thus if b € A,,
n > 1, then

2n—1 2n—1 2n—1 2n—1
b= o co + o c1t + o c2j + o csk
¢ €. C2. C3
=2 i 24 Bre A,
9 + 5 1+ 5 7+ 5 € A

Thus in this case, A = Ag U Ay, a finite set.
Suppose now N(a) = &, 1 € N, 211, s > 1. Modifying the above we find that,
if n is even,

1) n <3
A, = ) ga
A%-‘rla nZ§+17

hence A = As U Asyq, a finite set. If n is odd and s < |
take s > EJ + 1. Then

%], then 4, = @, so we

(bo, b1, ba, b3) + 2" *(bg, by, ba, b3)



1282 P. R. FUCHS, C. J. MAXSON, AND G. F. PILZ

where ¢ = {%J + 1 is a bijection between solutions of b3 + b + b3 + b3 = 22! N(a)
and solutions of b3 + b2 + b3 + b3 = 22"N(a). Therefore, in this case we have

Ap = Alsj2)+1 for n > [£] + 1, and again A is finite. This completes the proof of
the theorem. O

For arbitrary integral domains Z C S C C, the problem of characterizing all
rings 1(S) with FZP seems to be difficult and remains open. However, by using
some results of T. Nagell [6] we are able to obtain a satisfactory answer when S
is the ring of integers of an algebraic number field K. Recall that K is said to be
totally real if K C R and all conjugate fields are real. Also maxk will denote the
maximum of the absolute values of the conjugates of k € K.

4.2. Theorem. Let S be the ring of integers of an algebraic number field K. Then
1(S) has FZP if and only if K is totally real.

Proof. If K is totally real then I(S) is a subdomain of the real quaternions, hence
in order to show I(S) has FZP it suffices to establish that every equation z? +
y? + 22 + u? = e has only finitely many solutions in S for a fixed element e € S.
Now let (a,b,c,d) € S* be a solution of the above equation and u € {a,b,c,d}.
Then maxu < maxe + 1. Indeed, if v’ is a conjugate of u, then there exists a
homomorphism % defined on Q(a, b, ¢,d) (= the field generated by Q U {a,b, ¢, d})
such that h restricted to Q is the identity and h(u) = u'. Consequently

h(a)? + h(b)* + h(c)® + h(d)? = h(e) < maxe;

hence maxu < maxe + 1. However, by [5, Vol. 2, Thm. 2-40], there exist only
finitely many v € S with this property, which shows that the number of solutions
(a,b,c,d) € S* is finite.

Conversely, suppose that I(S) has FZP. As we have seen at the beginning of
this section, I(S) is not a domain if K is the Gaussian field; hence I(S) does not
have FZP by Theorem 2.1. Now suppose that K is not totally real. But then the
equation 22 + y? = 1 has infinitely many solutions {(z,,y,)|n € N} in S by [6,
Thm. 7]. Let a,, = , + ynj, n € N, and a,b € {a,, | n € N}. Then aia=! = bib~*
if and only if b=ta € Z(i) = {z + yi|z,y € S}. Since b=ta € {x +yj | z,y € S}
and N(b~ta) = 1, it follows that b = +a; hence x2 + 1 has infinitely many zeros in
1(S), which contradicts our assumption that I(.S) has FZP. |
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